On the Twisted g-Euler numbers and polynomials associated 
with basic ^-/-functions 



Taekyun Kim, EECS, Kyungpook National University, Daegu 702-701, S. Korea 
e-mail: tkim64@hanmail.net or tkim@knu.ac.kr 

Seog-Hoon Rim, Department of Mathematics Education, Kyungpook National 
University, Daegu 702-701, S. Korea 
e-mail : shr im@knu . ac . kr 

Abstract. One purpose of this paper is to construct twisted g-Euler numbers by using 
p-adic invariant integral on Zp in the sense of fermionic. FinaUy, we consider twisted Euler 
g-zeta function and g-/-series which interpolate twisted g-Euler numbers and polynomials. 



1. Introduction 

Let p be a fixed odd positive integer. Throughout this paper Zp, Qp, C and Cp 
are respectively denoted as the ring of p-adic rational integers, the field of p-adic 
rational numbers, the complex numbers field and the completion of algebraic clo- 
sure of Qp. The p-adic absolute value in Cp is normalized so that |p|p = 1/p. When 
one talks of g-extension, q is considered in many ways such as an indeterminate, 
a complex number (7 G C, or a p-adic number q € Cp. If g G C, one normally 
assumes that \q\ < 1. If g e Cp, we normally assume that \q — l|p < p^i/P~i so 
that = exp(xlogg) for \x\p < 1, cf. [1, 2, 15, 20]. 
We use the notations as 



\x]q = ^—^ = l + q + q^ + --- + q^~^ 

1 - g 



1 - i-qr 

l-q + q^-q^ + --- + {-lfq'=-\ see [12]. 



Let UD{Zp) be the set of uniformly diffcrentiable function on Zp. For / G 
UD(7jp), the p-adic invariant g-intcgral on Zp was defined by 

r 1 ^""^ 

W) = / fi^)dt^gi^) - lim ^ ^ /(x)g^ (see [3, 8, 9]). 



Note that 



hif) - lim/,(/) = / f{x)dfi,{x) = lim ^ ^ fix). 
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For a fixed positive integer d with (p, d) = 1, set 
X = Xd = limZ/dp'^Z 

JV 

Xi = Zp 
X* = U 

0<a<dp,(a,p)=l 

a + dp^Zp = {x G X \ X = a (mod dp^)}, 

where a € Z satisfies the condition < a < dp^ , cf. [15]. 
Recently Kim consider g-Euler numbers as follows: 

oo oo ^ 

F,{x,t) = r2l,^(-l)"g"er"+-l<'* = E^».«(^);^' t^, 12]. 

ra=0 n=0 

For /i G Z, fc e N, g-Euler polynomials of higher order were defined by 

E^n,t\^)= I ■ I ra;+a;i+---+x,l^g^'=i^-('^-*)dM-«(a;i)---dM-«(a;fc), see [8, 15]. 

" V ' 

fc— times 

(1) 

The g-Euler polynomial at x = are called q'-Euler numbers, cf. [1, 2, 14]. Hence 
g-Euler numbers of higher order can be defined by E^^^q^ = Ei!'g'\o). 

Let X bo a Dirichlct Character with conductor /(= odd) € N. Then the l- 
function attached to x is defined as 

l{s, X) = 2 5^ 2s ' ' ^ 1^]- 

71=1 

When X = 1, this is the Euler zeta function, which is defined by 

C£(s)=2V^^, see[3, 4, 13]. 

n=l 

In [8, 12], q-analogue of Euler (^-function is defined by 

n=0 ' '9 

Note that Cfi'gC^)^) is analytic continuation an C with 

Cti(-n,a;) = E^^g^^x), for n e N, /i G Z, see [8, 5]. (3) 
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It was known that 

CO 

= [2l,^(-l)^-/" rfc + ^l^ see [8]. (4) 

It follows from (2) that 

limCS(s,x) =Cs(s,a;) =2^^!^, see [13]. 

n=0 ^ ' 

With meaning of g-analogue of Dirichlet's type Z-function, we consider the following 
^-/-function : for s G C 

«,(s,x) = r2l,E^^^^^^y^, see [3, 5, 12]. (5) 
fe=i 

It is easy to see that lq{,s,x) is analytic continuation in whole complex plane. 
The generalized g-Euler numbers attached to x were also defined by 

r2l,^eM'^*x(n)(-l)"g" = E^".x,,;^, see [5, 6, 12]. (6) 

n=0 n=0 

Note that 

/ xWMg^M-gla;) = -E„,x,g and lq{-n,x) = En,x,q, see [3, 5]. (7) 

JZp 

For m > 0, extended generalized g-Euler numbers attached to x are defined as 

k k 



■n,x,q 



'Hf]q E 



^(M) ( "'+"^ + -- + "^ ) n ^^a,), (see [8, 10]). (8) 



From (8), we derive 



I 1 9-^ a=0 



OO 



r2l,Ex(fc)(-l)VW«, see[5:p.5]. (9) 



fe=i 



From (9), we can consider the following ^-/-function: 



oo 



see [5, 8, 10] 



fe=i 



where h,s eC. Note that lf'{-n, x) = -E„,x,g, for n e N, h€ Z. 

In the present paper, wc give twisted (j-Euler numbers by using p-adic invariant 
g-integral on Zp in the sense of fermionic. Moreover, we construct the g-analogues 
of Euler zeta function and g'-Z-function, which interpolate twisted g-Euler number 
and polynomials at negative integer. 

2. Twisted g-extension of Euler numbers 

In this section, we assume that (jf G Cp with |1 — gjp < 1. From the definition of 
p-adic invariant (j-integral on Zp in the sense of fermionic, we derive 



lim = = + 2/(0), where /i(x) = f{x + 1), see [7]. (10) 

I— >— 1 



Let Tp = Un>iCpn = lim„^oo = Cp<x be locally constant space, where 
Cpn = {w \ w^" = 1} is the cyclic group of order p". For w £ Tp, we denote by 
4>w : Zp ^ Cp the locally constant function a; i— > w^. 
If we take f{x) = ^^(a;)e*^, then we have 




see [4, 11, 13,16, 17, 18, 19]. 



(11) 



Prom (10), we derive 



n-l 



/_i(/„) = (-l)"/-i(/) + 2 ^(-l)"-i-'/(0. 



see [6, 7] 



(12) 



1=0 



where fn{x) = f{x + n). By (12), we easily see that 




(13) 



Now we define the analogue of Euler numbers as follows : 




(14) 



Prom (13) and (14), we note that 




(15) 
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In the viewpoint of (15), we consider twisted g-Euler numbers using p-adic invariant 
g-integral on Zj, in the sense of fermionic as foUows : 

Ei%'Ux)= [ q^^-'^ywy\x + yr^df,.,{y). (16) 

Observe that liniq^i E^q]l,{x) = En^w{x). When x = 0, we write E^lj{0,q) = 

E^w ■ Note that E^^^^q is the twisted form of E^^q ^ , see [8] . 
Prom (16), we derive 

Eq.(17) is equivalent to 

oo 

EL%'U^) = \2-]qJ2i-ifw''q'''' \x + krq, heZ,ne N. (18) 
By (16), we see that 

where n, d{= odd) G N. 

Let X be the Dirichlet character with conductor /(= odd) e N. Then we define 
the generalized twisted g-Euler numbers as follows : For n > 0, 

EL%'i,q = [ X{x)q^''-''^''w^\xrqdn-q{x). (19) 

Note that El^f^ g = E„^^^q, see [3, 5, 12]. 
From (19), we can also derive 

= m;'^i:'?'"^-"x(a)(-i)"i?t^i,.(7) 

I 19-^ a=0 

OO 

= \2]qY,xik){-l)'q"'w'\krq. (20) 
fe=i 

It is east to check that 

lim = En,w,x^ see [4]. 
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3. g-Euler zeta function and g'-Z- functions 

In this section, wc assume that q E C with \q\ < 1. Here wc construct twisted 
g-Euler zeta function and twisted g-Z-function. Let R be the field of real numbers 
and let w be the p'^-th root of unity. For g e M with 0<q<l, sgC and h G C, 
we define twisted Euler g-zeta function as follows : 

Note that Cb^I^^L analytic continuation in C. In [8] , it is easy to see that 

By (18), we easily sec that 

d'.'lC-") = forn e N, e Z. 

We now also consider Hurwitz's type twisted g-Euler zeta function as follows : 
For s e C, define 

d':i(«,^) = r2l,f;^^i^J^, iors€C,h€C. (21) 

Note that CE,q^wi^'^) analytic continuation on C. By (18), we easily see 

that 

d':,'l(-n, x) = E(^^^l{x), for n e N, /I € Z. 
From [8], we note that 

CSlGvx)=d':i(.s,:.). 
Let X be Dirichlet's character with conductor /(= odd) G N. Then we de- 
fine twisted (/-/-function which interpolates twisted generalized g-Euler numbers 
attached to x as follows : For s e C, h E C, define 

For any positive integer n, we obtain 

i-n, X) = Ei^'L,^ forn e N, ft e Z. 
From (22), we can also derive 

X{k){-l)''q'^''w'' 



/ 



r/ir#^Ex(«)(-i)"9'"«'"w,./(s,7). 
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Question. Find a g-analogiic of the p-adic twisted /-function which interpolates 
generaUzed twisted g-Euler numbers attached to x -En'uiVx.g [4, 5, 10, 13]. 
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